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The surface-tension-driven breakup of viscous jets is observed for a range of Weber 
and Ohnesorge numbers. The breakup is enhanced with a sinusoidal modulation or 
pulsation of the jet’s exit velocity ; the velocity modulation amplitudes and 
wavenumbers are larger than previous values reported in the literature, The 
combinations of modulation amplitude and wavenumber that produce uniform 
droplets are identified for each pair of Weber and Ohnesorge numbers. Satellite 
droplets are eliminated at values of the Ohnesorge number greater than 1.6. Droplet 
pairing and merging occurs a t  high wavenumbers; droplet merging has not been 
reported in the jet breakup literature. The timescale for breakup is predicted within 
the data scatter by the thin filament equation of Bousfield et al. (1986) with no fitted 
parameters. An upper bound on satellite droplet size is predicted by the thin-filament 
equation and the average satellite droplet volume is qualitatively predicted. An 
algebraic expression is derived to predict the breakup time of viscous jets with large 
velocity modulation amplitudes. 

1. Introduction 
The surface-tension-driven breakup of liquid filaments into droplets is an 

important step in a variety of processes; some of these processes have been 
enumerated by Schummer & Tebel (1982). The motivation for this work is related to 
the spraying of viscous kraft black liquors into recovery boilers. Most of the recent 
work in this area has been stimulated by the need of uniform droplets in ink jet 
printers. The breakup of Newtonian filaments has been reviewed by Bogy (1979b) 
and McCarthy & Molloy (1974). The initial disturbances to the jet at  the nozzle used 
by previous investigators are generally small and not well characterized ; most of this 
past work has been with low-viscosity liquids such as water and the filament breakup 
lengths were calculated once the initial disturbance amplitude was fitted to the data. 
A fundamental understanding of the surface-tension-driven breakup of viscous jets 
is only possible if the initial disturbance to the jet is well quantified. A sinusoidal 
pulsation or modulation of the jet’s exit velocity provides a well-characterized initial 
disturbance to the jet. 

A number of experiments have been conducted to study the effect of the different 
parameters such as viscosity, surface tension, jet velocity, and nozzle diameter. The 
viscosities of past work cover the range of 0.01 P (water) to 6.0 P. Controlled jet 
breakup has been reported using low-amplitude oscillation of the nozzle, or in the 
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flow rate, or on the jet surface. Plateau (1873) was the first to show that a disturbance 
of wavelength greater than the circumference of the jet grows with time. Schneider 
& Hendricks (1964) vibrated the nozzle using a pulsating piezoelectric transducer ; 
uniform water droplets were obtained for a given range of frequencies. Rutland & 
Jameson (1970), Goedde & Yuen (1970), Rajagopalan & Tien (1973), and Kurabyashi 
& Karasawa (1982) used transverse nozzle vibrations to enhance the jet breakup ; the 
initial conditions for these studies are not described in detail in the papers. Araki & 
Masuda (1978) used longitudinal nozzle vibrations to  control the breakup of water 
jets. Pimbley & Lee (1977), Sakai et al. (1982), Schummer & Tebel (1982) and Taub 
(1975) used small longitudinal nozzle vibrations to control droplet formation ; the 
amplitudes of the vibrations and the initial conditions are generally not well defined 
in these studies. Non-sinusoidal velocity modulations were shown to eliminate 
satellite droplets for water by Chaudhary & Maxworthy (1980a, b ) ;  the initial 
conditions were known once the data was fitted to the model but concern was 
expressed in the paper about the nozzle creating extraneous harmonic additions to 
the imposed disturbance. 

Rayleigh (1879) first analysed the breakup of inviscid filaments using linear 
stability theory. He assumed an equivalence between spatial and temporal growth of 
disturbances, and thus calculated the growth of infinitesimal periodic disturbances 
on a stationary liquid cylinder. This approach precludes any consideration of 
velocity profile rearrangement on the jet in the neighbourhood of the nozzle and it 
assumes that the disturbance wavelength remains constant as the disturbances 
evolves. Weber (1931), Sterling & Sleicher (1975) and others have followed Rayleigh’s 
basic approach, limited to the early stages of the disturbance growth; satellite 
formation is not predicted by the linear theories. 

Yuen (1968), Wang (1968), Nayfeh (1970), Lee (1974) and Lafrance (1975) present 
nonlinear analyses for the breakup of jets ; viscosity was neglected but the occurrence 
of satellite droplets was first seen. A nonlinear model of the fluid mechanics in two 
dimensions was used by Shokoohi (1976). However, the initial conditions of his work 
were limited to  surface disturbances. Chaudhary & Redekopp (1980) give a third- 
order solution with initial conditions in the form of an axial velocity profile; their 
solution neglects viscosity. Viscosity is not included in the third-order theory 
presented by Busker, Lamers & Nieuwenhuizen (1989). 

One-dimensional theories have been successful in the description of filament 
breakup with known surface or velocity initial conditions. The Cosserat equation was 
developed by Green (1976) and was used by Bogy (1978) to describe the breakup of 
viscous jets. The Cosserat equation is developed ab initio as a one-dimensional theory 
and contains other one-dimensional approximations obtained from the full 
Navier-Stokes equations. The velocity profile rearrangement at  the nozzle is 
neglected. Bogy (19794 used a third-order perturbation analysis to describe the 
breakup of an inviscid jet. Bogy, Shine & Talke (1980) solved the full spatial problem 
numerically and was able to describe the satellite formation with viscous jets. The 
computational time for the spatial problem was large, especially for viscous jets with 
long breakup lengths. 

The thin-filament equation of Bousfield et al. (1986) predicts the satellite droplet 
size reported by Lafrance (1975) and Rutland & Jameson (1970), the jet shape 
reported by Goedde & Yen (1970), and the growth of the high harmonics by Taub 
(1975). The thin-filament equation is obtained by a formal averaging of quantities 
across the filament radius or is obtained from the Cosserat equation through a spatial 
integration when the filament radius is smaller than the disturbance lengthscale. 
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Bousfield et al. (1986) showed that the thin-filament equations agree with the two- 
dimensional solution of the full axisymmetric Navier-Stokes equations ; the two- 
dimensional solution was computed with a transient finite-element algorithm 
described by Keunings (1986). The thin-filament equation has been extended to 
describe non-Newtonian filament breakup and the breakup of stretching filaments 
between plates (see Bousfield 1988). It provides an efficient nonlinear solution to the 
surface- tension-driven breakup problem which includes viscous effects and accepts 
arbitrary initial velocity or surface profiles. 

An estimate of the filament breakup time was given by Bousfield & Denn (1987) 
for small velocity modulations, An equation was derived to estimate the initial 
surface disturbance from a given velocity modulation amplitude. With this initial 
surface disturbance, linear stability analysis can be used to estimate the breakup 
time. The generation of capillary instabilities on a liquid jet was described by Leib 
& Goldstein (1986), who examined the coupling between disturbances and capillary 
instabilities in a liquid jet. A ‘coupling coefficient’ was used to quantify this 
relationship. 

In this paper, the surface-tension-driven breakup of viscous filaments is reported 
for a range of Weber and Ohnesorge numbers. A stacked piezoelectric transducer 
drives a piston in a minimum-volume chamber upstream of a nozzle with a small 
length-to-diameter ratio. The experimental work is unique in that the initial velocity 
of the jet is well characterized and the amplitude of modulation is larger than 
previously described. Regions of velocity amplitude and wavenumber that produce 
uniform droplets are described. Satellite droplets are eliminated for values of the 
Ohnesorge number greater than 1.6. Droplet merging and pairing are observed at 
large wavenumbers. The filament breakup time is predicted, within the scatter of the 
data, by the thin-filament equation. The correct order of magnitude of the satellite 
volume is calculated by the thin-filament equation. An algebraic expression is given 
to estimate the timescale for breakup of viscous jets with large velocity modulations. 

2. Experiments 
A 0.04 m3 capacity syringe was used to provide a non-pulsating flow with a known 

volumetric flow rate to the nozzle assembly. The nozzle assembly was constructed 
from stainless steel and is schematically represented in figure 1. A stacked 
piezoelectric transducer moved a piston in a minimum-volume chamber. The 
piezoelectric transducer mechanically expanded or contracted in response to the 
input voltage; the degree of movement for a given voltage was known from 
calibration. With the movement of the piston, the jet exit velocity was changed in 
time around an average jet velocity ; the exit velocity at any point of time was equal 
to the average jet velocity in addition to the velocity caused by the movement of the 
piston. An adjustable radial gap created a large pressure drop into the chamber to 
dynamically isolate the syringe from the nozzle. The nozzle diameter was 1.54 mm 
and had the length-to-diameter ratio of 0.1, Mass was added to the nozzle face to add 
mechanical stiffness to the assembly and to lower the resonant frequency of the 
nozzle assembly. 

The experiments were computer controlled to change the velocity modulation 
amplitude and the wavenumber. A waveform generator sent a sinusoidal voltage to 
the piezoelectric transducer through an amplifier. The actual voltage sent to the 
piezoelectric transducer was known. A video camera-strobe system recorded the 
resulting filament breakup a t  a given camera position relative to the nozzle exit ; a 
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FIGURE 1. Schematic of the nozzle assembly. 

microscope was inserted into the video camera optics to  enlarge the image. A 
calibrated grid inside the microscope measured the droplet dimensions. 

Four dimensionless groups were systematically investigated by the experimental 
program : the wavenumber k, Ohnesorge number Oh, and Weber number We, and the 
velocity modulation amplitude F. These groups are defined as follows: 

k = xdf/V, ( l a )  

Oh = ,u/(pud$, (1  b )  

We = Ppd/u ,  (14 

where d is the jet diameter, f is the frequency of modulation, V is the average jet 
velocity, and V,, is the maximum jet velocity at the nozzle exit during a flow 
pulsation. The viscosity, density, and surface tension of the liquid are p, p, and u, 
respectively. Five values of the Ohnesorge number and three values of the Weber 
number were studied. For each combination of these two groups, the wavenumber 
was changed between 0.26 and 1.34. At each wavenumber, a number of velocity 
modulations were tested. A number of camera positions from the nozzle to  the 
longest breakup length had to be obtained to  produce a picture of the entire breakup 
process. 

The jet’s initial diameter was taken to be the same as the nozzle diameter for the 
calculations of the wavenumber, Ohnesorge number and Weber number. The jet 
diameter a t  the nozzle was observed to be 1.6 mm. The swelling of the jet should have 
little impact on the calculation of the dimensionless groups. 

The time for filament breakup is made dimensionless as follows: 

%re& = t(f7/pd3)4 (2) 

where t is the actual time for breakup (the breakup length divided by the jet 
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velocity). The distortion of the filament surface at  any location along the jet is 
characterized by the dimensionless surface disturbance amplitude given by 

& = (Rmin-R)/Rj (3) 

where Rmi, and R are the minimum filament radius at any location and the initial 
filament radius, respectively. The volume of liquid contained in satellite droplets is 
expressed in terms of the percent volume of the total liquid volume. 

Known weight percent glycerin-water mixtures were used as the test liquid. The 
viscosity was measured with a glass bulk capillary rheometer. The surface tension 
and the density were determined from established data on glycerin-water mixtures 
(Weast 1975). 

The amplitude of the velocity modulation was calculated from the input voltage. 
The mechanical response of the piezoelectric transducer to an applied voltage is 
known and therefore the movement of the piston was determined. This movement 
was used to calculate the velocity amplitude for a given frequency of modulation and 
liquid flow rate. 

3. Experimental results 
Figures 2 4  summarize the experimental results of this work for a jet velocity of 

13 m/s or a Weber number of 5000. The limits of the collected data are shown by a 
dotted border in each figure. The shaded regions are the conditions which produced 
uniform droplets. The open circles represent the conditions where the jet remained 
unbroken until it contacted the liquid collection area. The filled squares are the upper 
limits where the droplets will not merge. The data for the other two Weber numbers 
can be found in Stockel (1988) : similar results are obtained. 

Uniform droplet formation (droplets of the same size with no stray or satellite 
droplets present) is limited at Oh = 0.40 and Oh = 0.85 because of the formation of 
satellite droplets at the low wavenumbers. Satellite droplets are not formed when the 
Ohnesorge number is greater than 1.6 at the lowest wavenumber studied ( k  = 0.26). 
Satellite droplet volume decreases as the Ohnesorge number increases from 0.40 to 
0.85. Figures 7 (a) and 7 (b )  show examples of the resulting droplet formation for a low 
and a high Ohnesorge number. At  low Ohnesorge numbers, satellite droplets are 
formed by the nonlinear mechanism previously described in the literature. At high 
values, a dropthread configuration is produced as in figure 7 b ,  which is similar to 
that observed with viscoelastic jets (see Goldin et al. 1969). This drop-thread 
configuration breaks with the thread being drawn into one of the main droplets. 

Uniform droplet formation of a target size is limited at high wavenumbers and 
amplitudes by pairing and merging of droplets. An example of merging is illustrated 
in figure 7 ( c ) ;  the trailing drop catches the lead drop and they merge. Uniform 
droplets are formed but they are twice the expected size. 

Stray droplets are formed at high values of the Ohnesorge number and velocity 
modulation. This may be an artifact of the experimental technique. The conditions 
for stray droplet production do not follow a regular pattern. 

Droplets are formed at wavenumbers much greater than one. Figures 2 and 3 show 
several conditions where droplets are produced with wavenumbers in the range of 1.0 
to 1.23. Uniform, non-merging droplets are produced in figure 2 a t  a wavenumber of 
1.15. Chaotic drop formation or merging droplets, however, is characteristic of the 
high-wavenumber conditions. Experiments were conducted up to a wavenumber of 
1.56 and droplets were formed, but the droplets either merged or the results were 
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FIGURE 2. Experimental results for Oh = 0.4 and We = 5000. The solid lines are the volume percent 
of the liquid contained in satellite droplets. The broken lines are the dimensionless breakup times. 
The dotted line is the region of collected data. Shaded areas are the regions of uniform droplet 
formation. M-m, Drops will not merge; 0-0, no satellites; 0,  jet not broken. 

55 I I I I I 

k 

FIQURE 3. As figure 2 but at Oh = 0.8. U-U, Drops will not merge; 0, drops will merge 
and/or chaotic ; 0-0, no satellites ; 0, jet not broken. 

chaotic. Droplets formed a t  wavenumbers of this magnitude have not been reported 
in the literature because the modulation amplitude has not been large enough 
previous to this study. 

The solid lines in figures 2 and 3 are contours of the satellite volumes obtained at  
the camera position farthest from the nozzle. No satellites were formed in figures 4-6. 
Satellite droplets are not consistently formed : some video frames have more than one 
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FIGURE 5. As figure 2 but at Oh = 2.2. M-m, Drops will not merge; 0,  drops will merge 
and/or chaotic; 0, jet not broken. 
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satellite droplet and others have none. This randomness is due to the aerodynamic 
interactions of the small droplets and the merging of the satellite droplets with the 
main drops. The reported satellite volume is an average value from 20 video frames. 

The broken lines in figure 2-6 give the dimensionless breakup time. The breakup 
time is determined by the average camera position where breakup occurred divided 
by the jet velocity. The breakup time generally decreases with increasing velocity 
modulation amplitude. As expected, large Ohnesorge numbers give large breakup 
times. 

1.4 
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FIGURE 6. As figure 2 but at Oh = 2.8. .-a, Drops will not merge; 0,  drops will merge 
and/or chaotic; 0, jet not broken. 

I, 1cm-I 

FIGURE 7. Traces from videographs to show examples of (a)  satellite droplet formation for Oh = 
0.4, k = 0.497, We = 1260, and F = 33; (a) no satellite droplet formation for Oh = 2.8, k = 0.29, 
We = 1330, and F = 12; (c) droplet merging for Oh = 1.6, k = 1.1, We = 1330, and F = 33. 
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4. Discussion of the results 
Goedde & Yuen (1970) observed that the volume of liquid between main droplets 

decreases as the liquid viscosity increases. This observation is sysmematically 
demonstrated by the data. The drop-thread configuration is formed, which slows 
down the breakup process. The liquid in these filaments has time to drain into the 
neighbouring droplets. The filaments typically break near the midpoint between the 
main droplets as in figure 7 ( b ) .  The filaments contract into the main droplet as 
described by Goedde & Yuen (1970). 

The merging of droplets limits the production of uniform droplets at high 
wavenumbers, especially at high values of the Ohnesorge number. Droplet merging 
is likely to be caused by different drag forces on ‘leading’ and ‘trailing’ droplets. The 
lead drop creates an aerodynamic disturbance for the trailing drop. The trailing drop 
therefore has less aerodynamic drag and does not decelerate as rapidly as the lead 
drop. Small disturbances will start this merging pattern. See Stockel (1988) for a 
detailed discussion of the aerodynamics around droplet trains. 

Another explanation for merging, especially at high Ohnesorge numbers or high 
wavenumbers, may be the pull on a drop exerted because of surface tension by a 
filament still connected to the drop. If the breakup of the filament between droplets 
is not exactly symmetrical, surface-tension forces will impart a velocity to the 
droplet. At  high wavenumbers, the growth rate of the disturbance is small and a 
slight non-symmetric breakup could allow surface-tension forces to pull droplets 
relative to the average droplet velocity. These surface-tension forces could explain 
the droplet pairing seen in figure 7(c). This mechanism can be pictured from figure 
7(b) and the consolidation of the filament with the droplet has been discussed by 
Goedde & Yuen (1969). 

The source of stray off-axis droplets is not clear. They may be the remains of the 
filament between droplets which get thrown off-axis by the aerodynamic forces. 
Vortex shedding behind cylinders has been studied for many years and is known to 
produce transverse velocity fluctuations (see Pao & Kao 1977). The small filament 
fragments could be displaced off-axis by these transverse velocity components. 
Achenbach (1974) described the complex vortex configuration in the wake of a sphere 
at high Reynolds numbers. This vortex configuration may be responsible for moving 
the filament material between drops to a random off-axis position. The possible 
effects of lift and drag on droplets are discussed by Stockel (1988). 

5. Comparison with the thin-filament equation 
The dimensionless breakup times and the satellite droplet volumes are compared 

with the results of the thin-filament equation given in Bousfield et aZ. (1986). The 
initial radius and velocity profile in one wavelength of the disturbance are 

r =  1, ( 4 4  

u = (F Oh k / ~ )  sin (27cz/A), (4b) 

where z is the axial coordinate and A is the wavelength of the disturbance. The radius 
is made dimensionless with the initial jet radius and the velocity is made 
dimensionless with the group ,ud/aA. These initial conditions correspond to an 
undeformed cylinder with a prescribed sinusoidal velocity profile. The actual initial 
conditions imposed on the jet by the motion of the piston is not known, but the 
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FIQURE 8 (u-c). For caption see facing page. 
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comparison between the thin-filament predictions and the experiments indicates 
that ( 4 b )  is accurate. The dimensionless groups in the thin-filament equation are 
formed from the Ohnesorge number and the wavenumber as 

a = k / n ,  

/3 = +(n/k  Oh)Z.  

The solid lines in figure 8(u-e) are the breakup time predictions by the thin- 
filament equation. The open circles are the data collected at all three Weber numbers 
and the given Ohnesorge number. The broken line is the result of an approximate 
analysis given later in this paper. The velocity modulation amplitude, the 
wavenumber, and the Weber and Ohnesorge numbers are all determined in- 
dependently in the experiment. There is no fitted parameter in the thin-filament 
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FIGURE 9. Satellite volume percent obtained for F = 5.0, and We = 5000. The circles are the 
averaged satellite volume, the squares are the maximum satellite volume, and the solid line is the 
result of the thin filament equation. (a) Oh = 0.4; ( b )  Oh = 0.88. 

equation to match the data; the initial conditions are well characterized. The 
aerodynamics do not strongly affect the breakup times at  these Weber numbers : the 
disturbance growth factor does not change when these Weber numbers are inserted 
into Weber’s equation with the correction of Sterling & Sleicher (1975). The thin- 
filament equation predicts the breakup time within the scatter of the data. 

The resulting satellite volume is qualitatively predicted by the thin-filament 
equation. Figures 9(a)  and 9 ( b )  compare the satellite volume fraction predicted by 
the thin filament equation and that obtained experimentally for the two lowest 
Ohnesorge numbers with a velocity modulation amplitude near five ; the circles 
represent the average satellite volume and the squares represent the maximum 
satellite observed. The thin-filament equation predicts the maximum satellite 
droplet size observed. The over prediction of the average droplet size by the thin- 
filament equation is caused by the merging of potential satellite droplets with the 
main droplets. 



The breakup of viscous jets with large velocity mudulations 613 

1 I 1 

(4 

I I 

0 0.5 

z/A 

1 .o 

0 0.5 

z/A 

1 .o 

FIGURE 10. The shape of the jet near breakup predicted by the thin-filament equation for (a) 
the conditions of figure 7 (a) ; (b )  the conditions of figure 7 ( b ) .  

The thin-filament equation predicts the elimination of satellite droplets near an 
Ohnesorge number of 1.2 at a wavenumber of 0.26. The elimination of satellite 
droplets at high Ohnesorge numbers is explained by the thin-filament equation. 
Figures lo@) and lO(b)  are the filament shape predicted by the thin-filament 
equation for the conditions represented in figures 7 (a)  and 7 ( b ) .  At the low Ohnesorge 
number, liquid is left between the droplets because of the inertia of the liquid. At  the 
high Ohnesorge number, the filament thins and forms the dropthread configuration ; 
the thin-filament equation predicts that the thread breaks a t  the midpoint between 
the main drops. This thread is drawn into the main droplets by surface tension forces. 

5. Estimation of breakup time 
Bousfield & Denn (1987) present an expression to estimate breakup time for small 

values of the velocity modulation amplitude. Their expression uses linear stability 
theory in combination with an equation to preduct the initial surface disturbance 
amplitude from the velocity modulation amplitude. Their equation, in terms of the 
above dimensionless parameters, becomes 

TbreaIK = -1n ( E o ) / 8 ,  

E,, = 1 - exp (--F/12 Oh k), 

y = [36k4 Oh2 -4k2( 1 - k2)] i -  6k2 Oh, (64  

where eo estimates the initial surface disturbance created by a modulation of the jet 
exit velocity and y is the dimensionless disturbance growth factor obtained from 
linear stability theory using the approximation for the Bessel function for small 
wavenumbers (see Sterling & Sleicher). Figure 11 illustrates how the surface 
disturbance amplitude predicted by this expression compares with the thin-filament 
equation for small velocity modulation amplitudes : the breakup time is predicted 
within 10% of the value obtained from the thin-filament equation. 
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FIUURE 11. The growth of the surface disturbance amplitude with time. The solid line is the result 
using the thin-filament equation and the broken line is the result using the expression of Bousfield 
& Denn. 

The expression by Bousfield & Denn (1987) does not work well for large values of 
the velocity modulation amplitude ( l p / O h k  > 1) .  The broken lines in figures l 2 ( a )  
and 12(b) are two examples when this expression does not work; the initial 
disturbance amplitude is over predicted and the linear theory does not give the 
correct growth rate. Linear theory would not be expected to  work well because the 
thin-filament equation predicts non-sinusoidal filament shapes a t  small times for 
large velocity modulation amplitudes. 

An algebraic expression for the breakup time is possible using a modification of the 
above expression. The initial surface disturbance amplitude is always over predicted 
by the above expression for large values of velocity modulation amplitude. This over 
prediction can be corrected by multiplying ( 3 b )  by a single factor. This correction 
factor turns out to  be 0.73. 

The growth rate predicted by linear stability theory sometimes overestimates and 
sometimes underestimates the actual disturbance growth rate. Figures 12 (a )  and 
12(b)  are two examples of this behaviour. Linear stability theory would predict no 
disturbance growth at wavenumbers greater than one, which is contrary to  the 
experimental results or the thin-filament equation results. The actual growth rate 
factor occurs a t  some wavenumber smaller than the current wavenumber. At large 
velocity modulation amplitudes, the growth factor goes to  a limit. This limit is the 
value calculated a t  approximately a tenth of the initial wavenumber, which suggests 
a corrected wavenumber a t  which to  calculate the disturbance growth factor. An 
empirical expression for this correct growth factor is 

k, = + j k + ( k - + j k ) ( l - s , " ) .  (7) 
n is a parameter which controls the rate of change of the corrected wavenumber to 
the limiting values as the velocity modulation amplitude increases. A value of n that 
fits the data to the thin-filament equation is 0.33. 

With the two above modifications, a new expression to predict breakup time is 
obtained : 
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FIQURE 12. The growth of the surface disturbance amplitude with time. The solid line, broken line, 
and the dotted line are the results of the thin-filament equation, the expression by Bousfield & 
Denn, and (8 ) ,  respectively, for (a) k = 0.8, Oh = 0.89, and F = 23; (b )  k = 0.89, Oh = 0.89, and 
F = 5. 

Tbreak = - ln (%J/K!, 
cOc = 0.73(1.0-exp ( -F /12Ohk) ) ,  

kc = &k+(k-&jk)(1-s:.333). 

The dotted lines in figures 8(a-e) and 12(a, b)  illustrate the behaviour of this 
expression. The breakup time is predicted within 20 % of the thin-filament results for 
the entire range of Weber and Ohnesorge numbers studied. The disturbance growth 
rate factor does reduce to the linear stability result at low modulation amplitudes, 
but the initial surface disturbance amplitude does not reduce to the expression by 
Bousfield & Denn. The above expression is recommended when the group P/12k Oh 
is greater than one. 
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7. Concluding remarks 
A t  every value of the Ohnesorge number and the Weber number, there are regions 

of wavenumber and velocity modulation amplitude which produce uniform droplets. 
At low Ohnesorge numbers, uniform droplet production is limited mainly by satellite 
droplet formation. At high Ohnesorge numbers and high wavenumbers droplet 
production a t  a target size is constrained by droplet merging and unsteadiness : 
uniform droplets are produced but are twice as large as the modulation frequency 
would indicate. Satellite droplet volumes decrease with increasing Ohnesorge 
numbers. Satellite droplets are eliminated a t  Ohnesorge numbers greater than 1.6. 
Aerodynamic forces seem to be responsible for droplet merging and off-axis stray 
droplets. 

The breakup length of viscous jets is predicted by the thin-filament equation 
within the scatter of the data. The maximum satellite volume size is predicted by the 
thin-filament equation. Satellite droplets merge under certain experimental 
conditions. The thin-filament equation predicts the elimination of satellite droplets 
at the correct Ohnesorge number. 

An algebraic expression is presented to  estimate the breakup times within 20 % of 
the experimental data for viscous jets with a large initial modulation of the exit 
velocity. This expression works well for the entire range of collected data. 

This research has been supported in part by the Department of Energy under 
contract No. AC02-83CE40626 and by a grant-in-aid from the American Paper 
Institute. 
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